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We present a study of non-sequential double recombination (NSDR) high harmonic generation (HHG) in
a molecular-like system. Using a Coulomb-corrected three-step model we are able to classically describe the
observed NSDR HHG cutoffs precisely for all internuclear distances showing an intrinsic dependence on the
location of the nuclei in the NSDR HHG process originating partly from the strong electron correlation in the
NSDR HHG process. This dependence modifies the classically allowed return energies which in return changes
the cutoffs observed in the HHG spectra. We also observe that the NSDR HHG signal changes its character
for internuclear distances of R & 8 − 9 a.u. which is proposed to stem from a change in the charge transfer
dynamics within the molecule. For large internuclear distances of R & 13 a.u. we observe a clear signature of
the point of emission for the first electron emitted in the NSDR HHG signal and we also see signs of molecular
exchange paths contributing to the HHG spectrum for these internuclear distances.
PACS numbers: 42.65.Ky,33.80.Rv,34.80.Bm
I. INTRODUCTION
Attosecond physics has expanded its versatility greatly over
the last decades and the systems studied and the processes of
interest have both grown with it [1]. One of the goals of ul-
trafast physics is the study of molecular and atomic systems
on their natural timescales including electron dynamics [2].
One such process that has been used for investigating ultrafast
dynamics is high harmonic generation (HHG) (see, e.g. Ref.
[3] for a recent example). One-electron HHG has been found
to be in general adequately described by the three-step model
[4–6]. In this model an electron tunnels out from an atom or
molecule because of an interaction with a field and propagates
in the field until recollision. At recollision a single photon is
emitted with energy, Ω, equal to the sum of the ionization po-
tential, Ip, and the kinetic energy upon recollision, K, i.e.,
Ω = Ip +K. HHG has many usages including the creation of
attosecond pulses [7, 8]. A decade ago, a two-electron effect
in HHG was identified [9]. In this process two electrons com-
bine their return kinetic energy into a single photon now with
a total energy of Ω = K1 +K2 + I
(1)
p + I
(2)
p where I
(i)
p is the
i’th electrons ionization potential and Ki is the return kinetic
energy of the i’th electron, thereby reaching even higher pho-
ton energies than what is expected in the standard one-electron
HHG process [5, 6]. This non-sequential double recombina-
tion (NSDR) process has a distinctive contribution to the HHG
signal as a new plateau in the HHG spectrum that emerges at
higher photon energies with multiple new cutoffs. The origi-
nal work on NSDR HHG [9] found that for the atomic system
electrons returning to emit NSDR HHG had to be emitted in
different half periods of the external field as electrons emitted
in the same half period would have to propagate the same path
to return at the same time, a process which is strongly sup-
pressed by electron-electron repulsion. Later work found that
for molecules the possibility for emission of electrons from
the different nuclei at large internuclear distances reduced the
effect of the electron-electron repulsion allowing for same-
period emission and recombination (SPEAR) of the electrons
creating a new cutoff in the spectrum [10]. It was also found
that the strong correlation of the electrons in the process lead
to SPEAR NSDR HHG being dependent on the internuclear
distance because of an interaction with nuclei when the elec-
trons propagated in the field.
In this paper we present a study of the NSDR HHG sig-
nal and generalize the findings found for SPEAR NSDR to
the general case of NSDR HHG in atomic or molecular sys-
tems and formulate a Coulomb corrected three-step model
(CC-TSM) for two electrons and one or more nuclei. This
CC-TSM is able to predict the cutoff energies observed in the
NSDR HHG spectrum with unmatched precision.
We find that for small internuclear distances of R . 8 a.u.
the observed cutoffs in the NSDR HHG part of the spectra
remain similar to the atomic ones as is also predicted by our
CC-TSM. For internuclear distances of R ' 8-9 a.u. we find
a change in the position of the cutoff which matches the pre-
dicted shift in the proposed CC-TSM originating from a tran-
sition in the charge transfer dynamics in the molecule. After
this shift a large discrepancy is observed between the con-
ventional three-step model and the CC-TSM. The three-step
model fails to predict the observed cutoffs while the CC-TSM
shows the dynamical change in the cutoff for the molecular
system as the internuclear distance grows. Finally a clear in-
dication of molecular exchange paths, i.e., paths that start at
one nucleus and end at another, is seen in the spectrum for
large internuclear distances.
The paper is organized as follows. In Sec. II we present
the CC-TSM for NSDR HHG in both atomic and molec-
ular systems. In Sec. III we present HHG spectra ob-
tained by time-dependent Schro¨dinger equation (TDSE) cal-
culations and compare them with the classically calculated
cutoffs found in the CC-TSM. Section IV summarizes the re-
sults of this paper and discusses future points of interest for
NSDR HHG. We use atomic units throughout the paper un-
less otherwise indicated.
II. COULOMB-CORRECTED THREE-STEP MODEL
The standard three-step model assumes that the electron ac-
tive in the HHG process is emitted from the system at time ti
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FIG. 1. Classical return kinetic energies of electrons emitted in the
first half period (1, black, dashed), second half period (2, orange,
dashed) and third half period (3, green, dashed). The non-sequential
double recombination return kinetic energies are shown as full lines
above the dashed lines. Same-period emission and recombination
energies are indicated by SPEAR; an electron returning for the first
time added with an electron returning the second time is indicated by
”1+2” and likewise an electron returning for the first time combined
with an electron returning for the third time is indicated by ”1+3”.
with velocity v(ti) = 0 at r(ti) = 0 [5]. It then propagates in
the external field with the electron momentum given as:
p(t) = A(t)−A(ti), (1)
where A(t) is the vector potential defined by the external field,
F(t), as F(t) = −∂A/∂t. The position is then found by inte-
gration as:
r(t) = α(t)−α(ti)− A(ti)(t− ti) (2)
where α(t) =
∫ t
ti
dt′A(t′) is the quiver motion of the electron
in the field. Calculating the return times, tr, of the electron
where r(tr) = 0, one can then obtain the return kinetic energy
and doing this for all emission times the highest return kinetic
energy can be obtained for a given pulse. Using a continuous
wave one finds the well known maximum return kinetic en-
ergy of 3.17Up where Up is the ponderomotive energy defined
as Up = F 20 /4ω
2, with ω being the angular frequency of the
driving field with maximum amplitude F0. For NSDR HHG it
was previously found that electrons returning for a second or
third time give an important contribution to the NSDR HHG
signal [9]. This can be seen in Fig. 1 where the return kinetic
energy is shown as a function of the return time for multiple
periods of emission. It is noted that the second and third re-
turn of electrons cannot reach the same return kinetic energies
as the first return and because of the small window of time
in the pulse where electrons returning several times are emit-
ted their contribution to the signal is normally not observable
in an HHG spectrum. To obtain the cutoffs for NSDR HHG
in this model we add up each electrons return kinetic energy
giving us predictions of the cutoff energies observable in the
NSDR HHG part of the spectra [9]. This is indicated in Fig. 1
by the ”1+2” for an electron returning for the first time and an-
other electron returning for the second time and ”1+3” for an
electron returning the first time and another electron returning
for the third time. SPEAR NSDR is also indicated in Fig. 4
which was previously shown to be relevant for large internu-
clear distances, here calculated by adding up the first return
FIG. 2. Illustration of the Coulomb potentials for large and small
internuclear distances (R) for a particular value of the electric field
pointing to the right. The left minimum is the front (downhill) nu-
cleus for emission and the minimum to the right is the back (uphill)
nucleus for emission. The dashed lines signify how an electron emit-
ted at the back nucleus in a molecule with a large internuclear dis-
tance can propagate away freely after tunneling without being caught
in the front nucleus’ minimum while for small internuclear distance
the electron cannot escape from the front nucleus’ minimum clas-
sically. The potential of the front nucleus therefore should not be
included in the first part of the classical propagation for small inter-
nuclear distances. See text.
of an electron twice. For more discussion about these cutoffs
without Coulomb correction see Ref. [9, 10]. In Ref. [10]
we found that an interaction with the bare nuclei was neces-
sary to correctly predict the behavior of SPEAR NSDR HHG
and we will therefore now introduce this effect of nuclei inter-
acting with electrons when the electrons are propagating past
bare nuclei on their first and second pass over the nuclei in
”1+2” and ”1+3” NSDR HHG. This interaction will introduce
a characteristic dependence on the internuclear distance in the
NSDR HHG signal and it will later be seen that this depen-
dence is indeed present in the actual HHG signal.
The following method will be independent on pulse fre-
quency and amplitude but the results will be dependent on
these variables. We consider a homonuclear model of the H2
molecule where the molecular axis is co-linear with the po-
larization of the field. To isolate the physics related to the
considered CC-TSM and not to be concerned with carrier-
envelope pulse effects, we use a continuous wave of the type
F (t) = F0 cos(ωt) where F0 = 0.119 (5× 1014W/cm2) and
ω = 0.0584 (λ = 780nm). We still use the first (ionization)
and last (recombination) steps of the three-step model in our
CC-TSM but change the propagation step to include interac-
tions with the bare nuclei as described below. We still assume
that the electron is emitted at a nuclei at r(ti) = 0 with veloc-
ity vi = 0 but we modify the equations of motion to include
an interactions with the nuclei. The TDSE calculations pre-
sented later are performed in a reduced dimensionality model
of H2 and a softened Coulomb is therefore used. We use the
same interaction in the quantum mechanical and in the classi-
3(a)
(b)
(c)
(d)
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FIG. 3. Illustration of the path and interactions for electrons in ”1+3”
NSDR in a molecule with large internuclear distance. (a)-(d) the
path for an electron emitted first in the NSDR process. The field
direction changes in each panel and with it the effective Coulomb
interaction felt by the electrons changes. The path of the electron
with the Coulomb interaction and electric field shown in the panel is
shown as (red) dashed. The path of the electron for previous periods
is shown as solid black. In the Coulomb corrected three-step model
the Coulomb interaction from each nucleus in H2 is included in the
propagation step but only at certain times. The (blue) cloud cover-
ing a nucleus signifies that this nucleus does not interact with the
electron on the (red) dashed part of its path. (e) a path of the electron
emitted as the second one in the NSDR process so therefore the illus-
tration is for a molecule with a large internuclear distance. Therefore
the electron interacts with a single nucleus throughout its entire path
and the Coulomb interactions do not change when the field changes
direction. The dashed (red) curve is the path of the electron emitted
second in the NSDR HHG process. The (black) solid curve is the
path of the first electron before the second electron is emitted and
the (black) dotted line is the path of the first electron after the sec-
ond electron is emitted. The field changes direction during the time
evolution in (e) and is therefore not shown.
cal treatments. The softened Coulomb potential has the form:
V (x) = − 1√
(x−R)2 + ei
− 1√
x2 + ei
, (3)
where x is the position of the electron, ei = 0.329 is the
softening used and the left and right term is included in the
description of the propagation of the electron depending on
the instantaneous position of the electron. In this way the
Coulomb interaction with the nuclei will be dependent on
what type of NSDR that is modeled: the Coulomb interaction
will be different for the first electron emitted in ”1+2” NSDR
No Coulomb
No Coulomb
FIG. 4. Maximum classical return kinetic energies for ”1+2” and
”1+3” NSDR for front or back emission as a function of the inter-
nuclear distance. The normal three-step model cutoff energies are
shown as references indicated by ”No Coulomb” (NC). See Fig. 2
for definition of front and back.
compared with the first electron emitted in ”1+3” NSDR.
There will also be a dependence in the return kinetic energy
from electrons with different points of emission. In H2 the
electrons can be emitted from the different nuclei and these
two points will have differing interactions for the electron.
Depending on the orientation of the field, the electron either
has to pass over a nucleus after emission or just propagate out
freely therefore creating a front and a back nucleus of emis-
sion as defined in Fig. 2. For ”1+2” and ”1+3” NSDR there
will be two different return energies depending on whether the
first electron is emitted from the front or back nucleus com-
pared to the orientation of the field.
The Coulomb interaction with an electron also depends on
the internuclear distance. For small distances if an electron
is emitted with zero velocity it will classically continue to
be caught in the Coulomb potential from the non-emission
nucleus as is illustrated by the dashed line in the potential
curve for small R seen in Fig. 2. We will therefore start the
Coulomb interaction at a later point in time and space when
the electron is free of the molecule and able to propagate away.
For large internuclear distances the electron is not classically
caught as illustrated by the dashed line in the potential curve
for large R seen in Fig. 2. It was also shown earlier that the
Coulomb interaction for the electron emitted from the back
nuclei was important for large internuclear distances in the
SPEAR NSDR HHG process[10].
As an example of how the Coulomb interaction changes
with the electron trajectory, and therefore with time, we
present in detail the time-dependent Coulomb interaction for
the case of ”1+3” NSDR where the first electron is emitted
from the front nucleus in a molecule with a large internuclear
distance. In Fig. 3 (a) the electron has just been emitted from
the front nucleus in the molecule and does not interact with
any of the nuclei, represented by the (blue) clouds covering
each nuclei. In Fig. 3 (b) the field changes direction and the
4electron propagates back across the molecule interacting with
one bare nucleus as the second electron has not been emitted at
this point in the ”1+3” NSDR process. In Fig. 3 (c) the field
changes direction again, and the electron propagates across
the molecule once more now interacting with both bare nu-
clei as the second electron has been emitted at this point in the
”1+3” NSDR process. Finally in Fig. 3 (d) the electron returns
to the nucleus from which it was emitted interacting only with
the non-emission nucleus as interacting with the emission nu-
cleus would be adding the ionization potential twice. In Fig.
3 (e) the interaction for the electron emitted second is shown
for the entire propagation. Because we assume a large inter-
nuclear distance the electron interacts with the non-emission
nucleus during its entire propagation but never interacts with
the nucleus from which it was emitted. Similar steps have
been used to calculate classical return kinetic energies for the
different types of NSDR HHG. The calculated return kinetic
energies for ”1+2” and ”1+3” NSDR in the cases where the
first electron is emitted from either the front or back nucleus
can be seen in Fig. 4. The results of the standard three-step
model are indicated by the ”No Coulomb” (NC) lines in the
figure which differ from the CC-TSM already at R = 0 in
the case of ”1+2” NSDR. There is a discontinuity in Fig. 4
at R = 8 which is the point where the system changes from
small internuclear distances where the Coulomb interaction
from the non-emission nucleus is excluded at the start of the
propagation to large internuclear where the interaction with
the non-emission nucleus is included as was seen in Fig. 3
(e). This distance of R = 8 is determined from the TDSE
calculations presented later. It is also observed that the cut-
off for the ”1+2” front and back NSDR become energetically
different for large internuclear distances creating a distinction
for their contribution to the spectrum and likewise for ”1+3”
NSDR.
The cutoff return kinetic energies obtained with the CC-
TSM will now be compared with TDSE calculations. This
comparison serves to validate our classical two-electron, two-
nuclei CC-TSM.
III. NUMERICAL RESULTS
We have solved the TDSE for a reduced dimensionality
model of H2. This was done using a split-step operator Crank-
Nicolson (Peaceman-Rachford) method as in Ref. [9]. The
Coulomb potential used is given in Eq. (3) and the soft-
ening factors for the Coulomb potentials were chosen such
that the ionization potential for He+ was Ip(He+) = 2.0 and
Ip(He) = 0.903 for He. For more details about the model and
numerical method see Ref. [10]. The pulse used was a 21-
cycle pulse with 15-cycles of the form A(t) = F0/ω sin(ωt)
with a 3-cycle sinusoidal ramp-up and ramp-down, where
F0 = 0.119 and ω = 0.0584. The same field parameters were
used in the classical analysis. The dipole acceleration was
calculated in each time-step and the harmonic spectrum was
found from the norm square of the Fourier transform of the
dipole acceleration i.e. |a˜dip(Ω)|2. We have performed calcu-
lations for a large range of internuclear distances (R ∈ [0, 80])
FIG. 5. The dipole acceleration spectrum for He interacting with a
21-cycle laser pulse at ω = 0.0584 (λ = 780nm) and F0 = 0.119
(5 × 1014W/cm2). The insert to the lower-left is a zoom-in of the
box around the second plateau of the spectrum. The vertical lines
indicate the classical cutoff energies for the three-step model (TSM)
and the Coulomb corrected three-step model (CC-TSM) for ”1+2”
and ”1+3” NSDR HHG (see text).
and will now show representative results illustrating the trends
and conclusions that can be drawn from the data and analysis.
In Fig. 5 the dipole acceleration spectrum for He is shown.
The spectrum has been smoothed to highlight the underly-
ing structures as the position of the cutoff is of main in-
terest for the comparison with the classical models. In the
spectrum there are two plateaus where the low energy one
is the one-electron HHG signal with the normal cutoff at
Ω = 3.17Up + Ip. In this context we define a cutoff as a
point in the spectrum where the spectrum reaches a peak and
then falls off exponentially over several amplitudes. Such a
cutoff physically originates from classical electron paths only
being able to reach the maximum return kinetic energy at a
certain time in the pulse therefore creating a peak for then to
fall off exponentially as there are no more classically allowed
paths at higher energies. Such an effect will be seen for all
types of HHG if the signal stands clear from other contribu-
tions to the signal. The second plateau at higher energy, but
of lower magnitude, is the NSDR HHG plateau which can be
observed to have two cutoffs. The insert in Fig. 5 is a zoom of
the box around the NSDR plateau in the spectrum wherein the
positions of the vertical lines can be seen more clearly. From
the left the first dashed (blue) and second dashed (red) lines
are positioned at the maximum return kinetic energy for both
electrons in the ”1+2” CC-TSM and ”1+3” CC-TSM models
respectively. The (black) dashed-dotted line is the ”1+2” cut-
off in the conventional three-step model (Eqs. 1-2) located to
the left of the ”1+2” CC-TSM line while the ”1+3” three-step
model (black) dashed line is located beneath the (red) dashed
”1+3” CC-TSM line. These findings are in accordance with
the results in Fig. 4. In Fig. 5 we observe a good agreement
between the CC-TSM model and the observed cutoffs. There
is no difference for the ”1+3” NSDR cutoff between the three-
5FIG. 6. The dipole acceleration spectrum for H2 with R = 5.0 and
pulse parameters as in Fig. 5. The vertical lines indicate the classical
cutoff energies for the three-step model (TSM) and the Coulomb cor-
rected three-step model (CC-TSM) in the cases of the first electron
being emitted from the front or back nuclei in the molecule compared
to the orientation of the field in ”1+2” and ”1+3” NSDR HHG (see
text). See caption in Fig. 5 for more.
step model and CC-TSM but for ”1+2” NSDR the CC-TSM
precisely predicts the observed cutoff, clearly setting it apart
from the results obtained with the three-step model and un-
derlining the necessity of including the Coulomb interaction
in the modeling of NSDR. It is noted that even though the sig-
nal from ”1+3” NSDR is present in the spectrum a clear cutoff
is not seen as the low magnitude of the signal and the prox-
imity to the ”1+2” NSDR cutoff only leaves a shoulder in the
drop off from the ”1+2” NSDR.
The dipole acceleration spectrum for H2 with an internu-
clear distance of R = 5.0 is shown in Fig. 6. A general trend
for increasing internuclear distance from the case of R = 0.0
(He) to around R = 7.0 is an increase in the NSDR HHG sig-
nal originating from an increase in the ionization probability
with increasing internuclear distance and charge-resonance-
enhanced ionization for intermediate internuclear distances of
R ∈ [1, 5] [11]. Comparing the spectra for He and H2 in
Figs. 5 and 6 the same conclusions can be made in the lat-
ter case for the cutoffs predicted by the three-step model and
CC-TSM. ForR = 5.0 there is a slight difference in cutoff en-
ergies in the CC-TSM model depending on whether the first
electron is emitted as a front or back electron. Looking at the
insert in Fig. 6 we observe that the CC-TSM prediction still
fits perfectly with the observed cutoff of ”1+2” NSDR and
the normal three-step model still deviates from the observed
cutoff. Likewise we still do not observe a difference between
the CC-TSM and the three-step model for ”1+3” NSDR. They
are still both located directly at the cutoff observed for ”1+3”
NSDR.
In Figs. 7 (a) and (b) the dipole accelerations for H2 with
R = 8.0 and R = 9.0 are shown. For these internuclear dis-
tances a major shift in the cutoffs are observed as was hinted
to in Fig. 4, where a discontinuity is located at these inter-
(a)
(b)
FIG. 7. The dipole acceleration spectrum for H2 with pulse parame-
ters as in Fig. 5 with (a)R = 8.0 and (b)R = 9.0. The vertical lines
indicate the classical cutoff energies for the three-step model (TSM)
and the Coulomb corrected three-step model (CC-TSM). The dashed
(orange) line furthest to the right in (b) is the CC-TSM prediction of
the same-period emission and recombination non-sequential double
recombination HHG cutoff. (See caption of Fig. 6 for definition of
the other of vertical lines.)
nuclear distances in the predicted cutoffs. In Fig. 7 (a) the
vertical lines are the predicted cutoffs from the CC-TSM for
an atomic-like system with no interaction with the nuclei in
the first half-cycle after emission as was discussed in Sec. II.
It was previously found that such an interaction would be nec-
essary to model SPEAR NSDR [10] and it was included in
the classical model used to calculate the cutoff shown in Fig.
7 (b). Studying the behavior of the HHG spectra in this region
of R = 8.0 to R = 9.0 a change in the electron dynamics
was found in the molecule around this internuclear distance.
Looking at the NSDR HHG process one electron will be emit-
ted from one nucleus leaving the other electron on the other
nucleus. Using wavepacket propagation we find the ground
state of an electron on a single nucleus and propagate this with
both potentials present. The electron will then start oscillat-
ing between the two nuclei for small internuclear distances,
first classically allowed for small distances and then through
tunneling for larger internuclear distances. From these charge
6FIG. 8. The dipole acceleration spectrum for H2 with R = 16.0 and
pulse parameters as in Fig. 5. The vertical lines indicate the classi-
cal cutoff energies for the three-step model (TSM) and the Coulomb
corrected three-step model (CC-TSM). (See captions of Figs. 6 and
7 for definition of vertical lines.)
transfer simulations we observe that aroundR ' 8−9 the tun-
neling time for the electron becomes larger than the oscillation
time of the electric field. From these R-values and larger, the
electron will therefore not have time to delocalize on the two
nuclei. This oscillation time for the electron in the molecular
system therefore explains the change in the electron dynamic
in the classical model, going from a system where the elec-
tron effectively sees the system as a whole to a system with
separate nuclei for large internuclear distances. This change
in the charge transfer dynamics is clearly seen in the spectra.
Looking at Fig. 7 (a) the spectrum is very similar to the ones
in Figs. 5 and 6 but for R = 9 in Fig. 7 (b) the cutoffs pre-
dicted by CC-TSM for ”1+2” and ”1+3” NSDR are now both
very different than what is predicted by the normal three-step
model, while the CC-TSM predicted cutoffs clearly match the
observed cutoffs. SPEAR NSDR HHG also becomes observ-
able for these internuclear distances but a similar explanation
for its occurrence as for ”1+2” and ”1+3” NSDR HHG is not
likely as both electrons are emitted in the same half period in
SPEAR NSDR HHG.
Going to even larger internuclear distance the CC-TSM
continues to precisely predict the observed cutoffs but looking
at large internuclear distances like in Fig. 8 (a) for R = 16 we
observe that the clear cutoffs observed for smaller internuclear
distance disappear and are replaced by a straight decreasing
diagonal line on the logarithmic scale from around 120ω to
140ω. This effect can be explained by considering molecu-
lar exchange paths in the HHG process. When using either
the CC-TSM or the normal three-step model we assume that
the electron is emitted and recombines at the same nucleus
but instead it is possible for the electron to be emitted at one
nucleus and recombine at another which results in a differ-
ent return kinetic energy [12]. This change in return kinetic
energy will be dependent on the internuclear distance of the
specific system and it will be more pronounced for large in-
ternuclear distance is the case for R = 16. These extra paths
give rise to extra signals in the energy range with their own
cutoff but because of the close proximity in the return ener-
gies, they result in a flat linear drop-off instead of the cutoff
observed for the smaller internuclear distances. Observing the
”1+2” front CC-TSM shown in Fig. 8 we observe that this is
the predicted cutoff energy that matches the observed cutoff
in the spectrum, we can therefore conclude that the first elec-
tron will most likely be emitted from the front nucleus in the
molecule. This becomes even more apparent for larger inter-
nuclear distances where the energy difference between ”1+2”
NSDR front and back becomes larger and the ”1+2” front con-
tinues to be located at the cutoff in the spectrum. The conclu-
sions for R ' 16 continue to be present until R & 25 where
the one-electron signal extends its cutoff energy beyond the
NSDR HHG signal due to direct exchange paths.
IV. SUMMARY AND OUTLOOK
In this paper we have performed a study of the NSDR HHG
signal from a molecular-like system and presented a special
version of the three-step model for the two-electron, two-
nuclei case which we called the Coulomb corrected three-step
model (CC-TSM). This model is specifically constructed for
two-electron NSDR HHG as the strong electron-electron cor-
relation in the NSDR HHG process makes the inclusion of
the interaction with the bare nuclei important. We have then
used the classical maximum return kinetic energies to predict
the cutoffs observed in the HHG spectra showing that the CC-
TSM is superior to the ordinary three-step model for all in-
ternuclear distances and that the CC-TSM predicts the cutoff
precisely for all cases in NSDR HHG. We observe a change
in the NSDR process around internuclear distances of R ' 8
where the observed cutoffs shift their positions abruptly. This
shift was proposed to stem from a change in the charge trans-
fer dynamics within the molecule resulting in each nucleus be-
ing its own separate entity after emission of the first electron
in the NSDR process. Finally for large internuclear distances
of R ∈ [13, 25] we observed that from the position of the cut-
off of ”1+2” NSDR, we could predict the nucleus from which
the electron was most likely to be emitted to be the front nu-
cleus compared with the orientation of the electric field. In
this sense the NSDR HHG signal gives very direct access to
the initial ionization step in a molecule. We also observed
for these large internuclear distances that exchange paths in
the molecule create a continuous drop instead of a cutoff in
the NSDR part of the spectrum because of the many contri-
butions to the spectrum in that region. In this sense our CC-
TSM for NSDR HHG has added to the understanding of the
NSDR HHG process. For processes where emission and re-
combination times are crucial such as attosecond pulse-probe
experiments this model will be necessary. Attosecond pulses
could also be used to increase the yield of the NSDR HHG
process opening up for many interesting opportunities for us-
ing the strongly correlated two-electron NSDR HHG process
to study electron correlation and make precise measurements
of molecular dynamics using the NSDR HHG process.
7The dependence on the internuclear distance also opens
up for opportunities to study molecular dynamics in systems
with relatively large internuclear distances where effects such
as the previously observed two-center interference in HHG
disappear[13–15]. This two-center interference, normally ob-
served in the one-electron part of the HHG spectrum, can be
observed not to be present in the spectrum already at R ' 5
(Fig. 6). The high photon energies in the NSDR HHG sig-
nal also makes it stand out separately from the one-electron
HHG signal possibly making it easy to isolate experimentally.
We recognize the low magnitude of the NSDR HHG signal
but in the future the benefits of the NSDR HHG signal could
outweigh the difficulties and make it of experimental interest
for studies of molecular systems and electron-electron corre-
lation.
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